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Variation of the standard model

ẋ(t) = f (x(t))− qx(t)e(t), x(0) = x0
x(t) ≥ 0, 0 ≤ e(t) ≤ EM

J[x0, e(.)] =

∫ +∞

0
e−δt [p(x(t))qx(t)− c] e(t)dt ,

•

f (x) = rxγ
(

1− x
K

)
, (γ > 1)

p(x) =
p̄

1 + αxβ
, (α > 0, β > 1)
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Equivalent problem

J(x(.)) =
∫ +∞

0 e−δt
[(

p(x(t))− c
qx(t)

)
(f (x(t))− ẋ(t))

]
dt

Adm(x0) := {x(.) : [0,∞] → [0, K ], x(0) = x0,

ẋ(t) ∈ [f−(x(t)) := f (x(t))− qEMx(t), f +(x(t)) := f (x(t)) ]}

sup
x(.)∈Adm(x0)

J(x(.))

Euler lagrange equation
C(x) := A′(x) + δB(x) = 0 : 3 solutions in (0, K ).
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]
dt

Adm(x0) := {x(.) : [0,∞] → [0, K ], x(0) = x0,
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MRAP

Most Rapid Approach Path : MRAP(x0, x̄i), i = 1, 2, 3

• unique curve from x0 that reaches x̄i as quickly as possible
i.e. with velocity f−, f + (corresponding EM or 0).
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Principes of the study

• V (x0) := sup
x(.)∈Adm(x0)

J[x(.)].

• V (.) is a solution of an Hamilton Jacobi equation :
H(x , U(x), U ′(x)) =

δU(x)−A(x)−max((B(x)+U ′(x))f−(x), (B(x)+U ′(x))f +(x)] = 0

• T (x0) := max
x̄i

J[MRAP(x0, x̄i)].

• T (.) is solution of the same HJ equation.
• V (.), T (.) ∈ S, HJ possesses a unique solution in S.
• As neither V (.) nor T (.) are differentiable. Viscosity

solution of HJ.
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Results

Generalised Clark Model.

r K γ p̄ α β c/q
5 1 4 5 0.2 2 1

,

δ X Conclusion
0.3 x̄ ' 0.779 Mrap(x , x̄) opt. ∀x
0.6 x̄1 ' 0.221, x̄2 ' 0.749 Mrap(x , x̄2) opt. ∀x
0.9 x̄1 ' 0.211, x̄2 ' 0.710 Mrap(x , x̄1) opt. ∀x ≤ x∗

Mrap(x , x̄2) opt. ∀x ≥ x∗

1.2 x̄1 ' 0.208, x̄2 ' 0.630 Mrap(x , x̄1) opt. ∀x
1.5 x̄ ' 0.207 Mrap(x , x̄) optimal ∀x

Competition at x∗ : two optimal solutions exist.
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