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Introduction

V (x0) := sup
x(.)∈Adm(x0)

J[x(.)]

J[x(.)] :=
∫∞

0 e−δt [A(x(t)) + B(x(t))ẋ(t)] dt

Adm(x0) = {x(.) : [0,∞) → [a, b], loc.a.c.,
x(0) = x0, ẋ(t) ∈ [f−(x(t)), f +(x(t))]}

Assumptions
H1 A(.) C1on[a, b] and B(.) C0on(a, b).
H2 f−(.), f +(.) Lipschitz on [a, b].
H3 For all x ∈ (a, b) f−(x) < 0 < f +(x).
H4 f +(a) > f−(a) = 0 0 = f +(b) > f−(b)
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First results

• [a, b] invariant for the dynamic : f−(x(t)) ≤ ẋ(t) ≤ f +(x(t))
• Convergence of J[x .)]

Euler-Lagrange equation :
• necessary condition.
• Algebraic equation : C(x) = A′(x) + δB(x) = 0

• X̄ = {x̄ ∈ (a, b) : C(x̄) = 0}
• Assume Card X̄ finite.

• (H5) 0 < C(a+) := lim
x→a+

C(x) , 0 > C(b−) := lim
x→b−

C(x) .
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Most Rapid Approach Paths

MRAP(x0, x̄) : x∗(·) ∈ Adm(x0) s.t.

|x∗(t)− x̄ | ≤ |x(t)− x̄ | ∀t ≥ 0

for all x(·) ∈ Adm(x0),
• unique solution

ẋ(t) =


f +(x(t)) if x(t) < x̄ ,

0 if x(t) = x̄ ,
f−(x(t)) if x(t) > x̄

• From f +(a) > f−(a), MRAP(a, x̄) exists.
(similar for b).
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Equivalent problem

J2[x(·)] =

∫ +∞

t=0
e−δt C(x(t))ẋ(t) dt

J[x(·)] =
1
δ
(A(x0) + J2[x(·)])

V2(x0) = sup
x(·)∈Adm(x0)

J2[x(·)] .

V (·) =
A(x0) + V2(·)

δ
.
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Continuity of V2(·)

Proposition Assume :

• (H2) f±(.) lipschitz on [a, b]

• (H5) C(a+) > 0, C(b−) < 0
• (H6) C(.)f± lipschitz on (a, b)

then
1) Under (H3) : f−(.) < 0 < f +(.) on (a, b)
then V2(.) continuous on (a, b).
2)Under (H4) : f +(a) > f−(a) = 0 then V2(.) continuous at a.
(idem for b).
3) Same properties for V (.)
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Continuity of V2(·)

proof 2)

- C(.)f±(.) lipschitz on (a, b), then continuous on [a, b]
therefore V2(a) is finite.
- ∀ε∃xε(.) ∈ Adm(a), V2(a) <

∫∞
0 e−δtC(xε(t))ẋε(t) dt + ε

- ∃λ(.) ẋε(t) = λ(t)f−(xε(t)) + (1− λ(t))f +(xε(t))
- ẏ(t) = λ(t)f−(y(t)) + (1− λ(t))f +(y(t)), y(0) = z
- |V2(a)− V2(z)| ≤∫∞

0 e−δt{|λ||Cf−(xε)−Cf−(y)|+ |1−λ||Cf +(xε)−Cf +(y)|}dt +ε
≤

∫∞
0 e−δtk |xε − y | dt + ε

≤ 2ε + |a− z|M (Gronwall).
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Viscosity solution

(H-J) : H(x , v(x), Dv(x)) = 0
v : Rn → R

Definition :
V(.) is a viscosity solution of (H-J) if and only if
• ∀Φ : Rn → R, C1, if x0 is a local max of V (.)− Φ(.),

then
H(x0, V (x0), DΦ(x0)) ≤ 0

• ∀Φ : Rn → R, C1, if x0 is a local min of V (.)− Φ(.),
then

H(x0, V (x0), DΦ(x0)) ≥ 0

CALCULUS OF VARIATIONS, SINGULAR CASE: VISCOSITY SOLUTIONS



Viscosity solution

(H-J) : H(x , v(x), Dv(x)) = 0
v : Rn → R

Definition :
V(.) is a viscosity solution of (H-J) if and only if
• ∀Φ : Rn → R, C1, if x0 is a local max of V (.)− Φ(.),

then
H(x0, V (x0), DΦ(x0)) ≤ 0

• ∀Φ : Rn → R, C1, if x0 is a local min of V (.)− Φ(.),
then

H(x0, V (x0), DΦ(x0)) ≥ 0

CALCULUS OF VARIATIONS, SINGULAR CASE: VISCOSITY SOLUTIONS



Viscosity solution

(H-J) : H(x , v(x), Dv(x)) = 0
v : Rn → R

Definition :
V(.) is a viscosity solution of (H-J) if and only if
• ∀Φ : Rn → R, C1, if x0 is a local max of V (.)− Φ(.),

then
H(x0, V (x0), DΦ(x0)) ≤ 0

• ∀Φ : Rn → R, C1, if x0 is a local min of V (.)− Φ(.),
then

H(x0, V (x0), DΦ(x0)) ≥ 0

CALCULUS OF VARIATIONS, SINGULAR CASE: VISCOSITY SOLUTIONS



First Main result

Theorem

V2(·) is a viscosity solution on (a, b)

of the Hamilton-Jacobi :

δZ (x) − max [(C(x) + Z ′(x))f−(x), (C(x) + Z ′(x))f +(x)] = 0
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On the proof

Dynamic Programming Principle :

V2(x) = sup
Adm(x)

∫ T

0
e−δtC(x(t))ẋ(t)dt + e−δT V2(x(T ))

x0 ∈ (a, b) φ(.) : V2(x0)− φ(x0) = 0, V2(x)− φ(x) ≤ 0

sup
Adm(x0)

{
∫ T

0
e−δtC(x(t))ẋ(t) + e−δT φ(x(T ))− φ(x0)} ≥ 0.

e−δT φ(x(T ))− φ(x0) =
∫ T

0
d
dt e

−δtφ(x(t))dt
=

∫ T
0 [e−δtφ′(x(t))ẋ(t)− δe−δtφ(x(t))]dt
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e−δtC(x(t))ẋ(t) + e−δT φ(x(T ))− φ(x0)} ≥ 0.

e−δT φ(x(T ))− φ(x0) =
∫ T

0
d
dt e

−δtφ(x(t))dt
=

∫ T
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On the proof ...

sup
Adm(x0)

{ 1
T

∫ T

0
e−δt [C(x(t)) + φ′(x(t))ẋ(t) − δφ(x(t))]dt} ≥ 0

sup
ẋ(0)∈[f−(x0),f +(x0)]

[(C(x0) + φ′(x0))ẋ0 − δφ(x0)] ≥ 0

max[(C(x0)+φ′(x0))f−(x0), (C(x0)+φ′(x0))f +(x0)]−δV2(x0) ≥ 0

δV2(x) − max [(C(x) + φ′(x))f−(x), (C(x) + φ′(x))f +(x)] ≤ 0

V2(.) viscosity solution .
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Value along MRAP

x̄ ∈ X̄ fixed :
J2[MRAP(x , x̄)(.)] =

∫∞
0 e−δtC(x(t))ẋ(t) dt

=
∫ τ(x)

0 e−δtC(x(t))ẋ(t) dt
where x(τ(x)) = x̄

Let y = x(t), for x ≤ x̄ dy = ẋ(t)dt = f +(x(t))dt .
t → y = x(t) invertible

t =

∫ y

x

dz
f +(z)

J2[MRAP(x , x̄)(.)] =

∫ x̄

x
C(y)e

−δ
R y

x
dz

f±(z) dy

f + : x < x̄ ; f− : x > x̄
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t → y = x(t) invertible

t =

∫ y

x

dz
f +(z)

J2[MRAP(x , x̄)(.)] =

∫ x̄

x
C(y)e

−δ
R y

x
dz

f±(z) dy

f + : x < x̄ ; f− : x > x̄

CALCULUS OF VARIATIONS, SINGULAR CASE: VISCOSITY SOLUTIONS



Value along MRAP...

Property :
1) J2[MRAP(x , x̄)](.) continuous w.r.t. x on (a, b).

2) From f +(a) > f−(a) = 0, 0 = f +(b) > f−(b),
J2[MRAP(x , x̄)](.) continuous w.r.t. x on [a, b]

T2(x) := max
x̄∈X̄

J2[MRAP(x , x̄)]

From f +(a) > f−(a) = 0, 0 = f +(b) > f−(b),
then T2(.) continuous on [a, b].
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Value along a MRAP...

Second Main Result
T2(.) is a viscosity solution of

H(x , Z (x), Z ′(x)) =
δZ (x) − max [(C(x) + Z ′(x))f−(x), (C(x) + Z ′(x))f +(x)] = 0

On the proof
1) T2(x) > 0,∀x ∈ [a, b]
2)When T2(.) differentiable at x , then

T ′
2(x) =

δ

f±(x)
T (x) − C(x)

3) x < x̄ ,

H(x , T2(x), T ′
2(x)) = δT2(x)−max [

δ

f +(x)
T2(x)f−(x), δT2(x)]
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V2(.) and T2(.)

Proposition
Under assumptions (H1)-(H5), we have :
• Under f +(a) > f−(a), then T (a) = V (a).
• Under f−(b) < f +(b), then T (b) = V (b).
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Uniqueness of the solutions of H-J

Theorem (Bardi, Barles, ..)

• S(·) and W (·) are solutions on Ω (open bounded) of a
same Hamilton-Jacobi equation δU(x) + H(x , U ′(x)) = 0.

• S(·) and W (·) are continuous on Ω̄.
• S(·) and W (·) take same values on the boundaries ∂Ω.
• H(x , p) satisfy

|H(x , p)− H(y , p)| ≤ F (|x − y |(1 + |p|))

where F : [0,∞) → [0,∞) is continuous nondecreasing
with F (0) = 0, for all x , y ∈ (a, b) and p ∈ R.

Then S(.) = W (.) on Ω̄
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• S(·) and W (·) are solutions on Ω (open bounded) of a
same Hamilton-Jacobi equation δU(x) + H(x , U ′(x)) = 0.

• S(·) and W (·) are continuous on Ω̄.
• S(·) and W (·) take same values on the boundaries ∂Ω.
• H(x , p) satisfy

|H(x , p)− H(y , p)| ≤ F (|x − y |(1 + |p|))

where F : [0,∞) → [0,∞) is continuous nondecreasing
with F (0) = 0, for all x , y ∈ (a, b) and p ∈ R.

Then S(.) = W (.) on Ω̄
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Optimality of the MRAPs

Therefore
V2(.) = T2(.), ∀x ∈ [a, b]

and thus
V (.) = T (.), ∀x ∈ [a, b]

We proved

The MRAPs are optimal solutions.
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