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Externalities contd.

I A social planner would want a �rm to maximiseZ T

0
[pq � c (q, x)� d (z , a)� θ (a)] e�rtdt

I Here z � αq is a pollutant generated by extraction; d (�) is a
damage function and θ (a) are abatement costs

I Normalise α to 1 so that z = q
I Optimality now requires

p � cq = λ+ dz , θa = �da

I If d (�) � d (z � a) then dz = �da and we can write

p � cq � θa = λ

for a �socially responsible��rm
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I De�ne an instantaneous pro�t function

π (q (t) , x (t)) � pq (t)� c (q (t) , x (t))

I The (social planner�s) problem is to

max
q

Z T

0
π (�) e�rtdt

s.t. ẋ = f (x (t) , q (t)) , x (0) = x0

I De�ne a Lagrangian function

L �
Z T

0
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π (�) e�rt + µ (t) [f (�)� ẋ ]

	
dt

where
µ (t) � λ (t) e�rt
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H (�) � π (�) e�rt + µ (t) f (�)

so that

L =
Z T

0
H (q, x , µ, t) dt �

Z T

0
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I Integrate the �nal term by parts to obtainZ T

0
µ (t) ẋdt = µ (T ) x (T )� µ (0) x0 �
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0
µ̇x (t) dt
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I Rewrite the Lagrangian as

L �
Z T

0
fH (�) + µ̇xg dt + µ (0) x0 � µ (T ) x (T )

I Di¤erentiate w.r.t. q and x to get the FOCs

Lq = Hq = πqe�rt + µfq = 0

Lx = Hx + µ̇ = πx e�rt + µfx + µ̇ = 0

I Hence we require

πqe�rt = �µfq ) πqe�rt = µ

given f (�) � g (x)� q and hence fq = �1
I This is equivalent to the familiar current period condition

πq = λ
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I We also require
µ̇ = �πx e�rt � µfx

I From µ (t) � λ (t) e�rt we can �nd

µ̇ =
�
λ̇� rλ

�
e�rt

I Hence, in current value terms, we have

λ̇ = �πx � λ [fx � r ]

I For a non-renewable resource, fx = g 0 (x) = 0 and so

λ̇ = λr � πx

I Or, without resource-dependent costs,

λ̇ = λr
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I The Hamiltonian measures the total rate of increase in the
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I π (�) is the net �ow of returns from the resource
I λ (t) f (�) is the increase in the value of the stock
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