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1. Optimal Investment: A classical problem

In ancient times (3000 years ago):
First suggestions by the Babyloniafs\ersify into house, cash and production tools)

In the literature:
Shakespeare The Merchant of Venice
Cervantes Don Quijote (Do not put all your eggsin one basket )

In the fifties:
H. MarkowitzMean-Variance Approach

Scientific state of the art:
Dynamic multi period models, martingale method, HIB equatioaljity approaches, (quasi)
variational inequalities, ...

Practitioner’s state of the art:
One-period models, variants of Markowitz ....

Aim of this mini-workshop: Present recent and applicable results and methods



2. Market setting and the portfolio problem

The security prices(diffusion setting):

dPy(t) = Po(t) r(t) dt, P,(0)=1, ‘Bond’
m
dP; (t) = F}(t){b (t)dt+> o (1) dw( p}, i=1,..,n, Py0)=p, “Stocks’
j=1
Brownian motion Stock prices with mean
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The trading activities:
0] (t) . trading strategy (= no. of shares of securitythat the investor holds at tinie
c(t)z 0 : consumption rate process (= (velocity of) consumption at tin
n
X (t) :=> ¢; (t)R(t) :wealth process (= value of all holdings at timi
i=0

Definition 1:
A pair (¢,c) of a trading strategy and a consumption rate process is @ salffinancing

strategy if we have

(1) X (t) = chp s) dR( 9 jc(s)dc

l.e.wealth equals initial wealth plus gains / losses from invBeent minus consumption.

Remark:
We assume that both processes (trading and consumnhate only based on past price
observations (are “progressively measurable”) satfy suitable integrability conditions.



The wealth equation:

Introduce gportfolio process 7(t) (corresponding to a self-financing pégr,c)) as am-
dimensional stochastic process with components given by

(2) m (t) =2 , i=1,....,n “fraction of wealth in stock i ”.

= we obtain the following SDE {he wealth equation”) for the wealth process:
@ ax (1) = (X(9(r(9)+ (69~ r(92) - o)) de+ X(Ym( Y'Y aw( }, X (0)

Example: “Linear strategie’s
n=m=1,b,r, o constant market coefficients amft) =1 c(t)=yX(t):

(4) X(t):XGEXp((I‘+T[(b—r)—y—%T[zoz)t+T[GW(t)) >0

X

Definition 2:
We will also call the paif7z,c)anadmissible, self-financing pair (and writen,c) JA(X)) if the
corresponding wealth process stays non-negatiee stéirting with an initial wealth of



Formulation of the portfolio problem:

Definition 3
1) A strictly concaveC!-functionU: (0, ) - R is called autility function if it satisfies
(5) U'(0) =limU’(x) =+, U'(c0):= lim U'(x)=0 .

xi0 X — 00
i) The (unconstrained)ortfolio problem with initial wealth ofx consists of solving

(P) mav E( jOT Uy (t,¢(t)) dt+ Uy X( T))j

(m.c)oA (x)

with A'(X) := {(TL.c)JAX) O E( jOT Uy~ (t,c(t)) dt+ U, ( X( T))j < co}.

Examples of utility functions:
U(x)=In(x), U(x):}xy,y< 1, U(t,x):e_Bt}xV, y<1,8=0
Y Y

Properties of utility functions:

strictly increasingImore is always better than less
concavity Odecreasing marginal utility, E(U(X))<U(E(X)) O risk averse investor



3. Optimal investment in complete markets: The mannhgale approach
The Fundamental Result:

Theorem “Completeness of the market”
Letn=m and

(6) 8(t) = oft) (blt) - r(t)). H(t)::exp{ i(( - 3l6(s)kis ;e S dW(s )j

a) For every(71,c) JA(X) we have

™ =X+ H(ok(oas) <x
b) LetB be a contingent claim araf.) a consumption process with
8) xim ( ()B+(Tj)H()()j<oo,

Then there exists a portfolio procesls) such that we havir,c)JA(x) and the corresponding
wealth proces (t) replicates the clairB, i.e. we obtain:

9) X(T)=B as. .




Interpretation of the complete markets theorem:
Part a) yields:

Given a desired consumption process c¢(.) and a desired final vidithn they are never
realizable if we have

E(H(T) B+T[ H(9 ¢ 3 d%>

0
where x is the initial wealth of the investor.

Part b) yields:

Each desired consumption process c¢(.) and desired final wealin Bxactly be realized via
following a suitable portfolio processif we have an initial capital of

X = E(H(T) B+T[ H(9 ¢ 3 d}.

First conseguence:
The unique fair price of a contingent claim with final payofR®jiven by

E(H(T)B) (= &(e™ B)




Main idea of the martingale approach(without consumption)
Decomposeahedynamic portfolio problem

(P) max E(U (x X,n (T)D

nmOA (x)

Into astatic optimisation problem

(0) ma> E(U(B))
BOB(x)

with  B(X) := {B | B 0, Fy-meas.E(H(T)B) < x, E[U(B) ) <},
and arepresentation problem

“Find a portfolio procesa* [1A'(x) with
(R) XX (T)=B* as.”
where B* solves problem (O).



Step 1:Solution of the Optimisation Problem (O)

Proposition
Let X(y) := E[H(T) |2(yH(T))+} H(1) 1(t H(1)) dtj <o Oy>0 (¥

Then, X is continuous on (&) and strictly decreasing witk(c)= 0 , X(0) =co

Theorem 1

Letx > 0. Under assumption (*) the optimal terminal we&thand the optimal consumption
process*(t), tL[O, T], are given by

(10) B 1= 1(YOQH(T)),  c*(t) := lu(t, YOQH(Y))
and there exists a portfolio proce®$t), tLJ[0, T], such that we have

(11) ¢ cHOAK), X*™(M=B* as., JX* 7 ¢c) = ma Jy; 7o),
m,c) OA (x
I.e. (Tt*, ¢*) solvesthe unconstrained portfolio problem.




Corollary
Assume that the conditions of Theorem 1 are satisfied.

a) The optimal consumption proce&sst), tL[0, T], for theconsumption problem

ma E(}ul(t,c(t)dt)j

(r,c)OA (x) \o
IS given by
(12) ci(1) = 11 (tYOQH (1)),
and there is a portfolio procegyt), tL[O, T] with (77,c*) LUA'(X) and X %T0, € (T)=0 a.s..

b) The optimal terminal wealtB* for the terminal wealth maximization problem
ma  EU,(x™(T))
(110) OA (x)
IS given by

(13) B* == I,(Y(x)H(T)),
and there exists portfolio proce®8s1A'(X) with X XT0, ¢ (T) =B* a.s..




Step 2: Computation of the Optimal Strategy — the Representation Problem (R)

An example: Log-utility and final wealth maximization, i.&l,(x)=In(x), U;(t,x)=0
constant coefficients] = 1.

— Compute: 1,(.), X (y), Y(X,-...
Use Corollary b)

1 Jrnfreenn_[(re)aet o)

B* = I,(Y(X)H(T)) =x =X =Xxe
= Guess the corresponding portfolio strateggnfthis explicit form as
0 b-r
14 T (t)=—=—+-.
==
T : b-r
= B*= X" (T), i.e. we haver* (t)=——-
o

Note: For arbitraryd we obtairit* (t) = (ocr')_l(b -)




Method 1: “Comparison of coefficients”

|ldea: Generalize the method of the example

e guess a proceggt) with X(0) =x, X(T) =B* a.s.,

o write X(t) as a functional of the underlying Brownian motion and the madefficients,

« apply Itd's formula to this functional and compare drift and diffuserms of the so
obtained sde with those in the general form of the sde for léhwacess.

(see Theorem 2 below)

Method 2: "Feedback representation in the Markovian case"
More complicated, uses ideas of Malliavin calculus (sed. $97) for an introduction)



Theorem 2
Assume the complete market setting of this section and thiaavee

(15) Hi(t) EUH(S) (9 ds H T B tFj:f(t, WiD),..., WD)

for a non-negative functiorDCl’Z([O,T)XRn) with f(0,...,0) =x. Then the optimal trading
strategy@(t) = (#o(t).... #n(1))', tU[0,T], is given by

(16) A0 = (o) 0 £ (WA (1), W () i = 1,00,

n
an  a0=(x0- L0 ORO)/ R0

| =
where X(t) is the wealth process corresponding to the above trading gtréa(Bgand the
consumption process(t) of Theorem 1lxf(.) denotes the gradient bivith respect to the last

n variables. The optimal portfolio proceggt) of Theorem 1 is given by

(18) 7H(t) = = ()" 10y f(t, Wi(D),.... WD)

X (t)



4. Optimal investment by stochastic control: The HB-Equation

The classical continuous-time portfolio optimization approach bgtdvi€1969, 1971, ...)
does not use the completeness of the market.

Merton'’s idea:

|dentify the portfolio optimization problem as a special casestaichastic control problem.
Then, use standard results from stochastic control theory such as

» the Bellman principle
» the Hamilton-Jacobi-Bellman-Equation (“HJB-Equation™)

Can be used as a cooking recipe, has a broader scope of applicatitimet martingale, needs
the complete solution of a non-linear partial differential equation ...

—
We will give a short survey of stochastic control theory ($&8® keorn and Korn (2000))



Excursion: Solving stochastic control problems (for simplicity n=1)

Let v(t,x) =  max E’X(U( X( 'I))) value function
n)jerje A9

Bellman-Principle:

v(t,x)= max E*X[Vy s,
o )t g €A =08

Localize the BP: Apply the It6-formula=
v(t,x)=v(t,¥+
+ max B~
() g €AY
+ [ (wu X)) (b= ) X4y Y50°m( 82 X b y()

Divide by s-t, (formally) interchange the limg ! t with the integration and expectation:
=

(19) O:max( V( t R+ T b= ) xy( tx+ 07T X t.)§

TeIR

S

Joon(d X{ 9 y(). dw

t




Theorem: Verification theorem for the solution of the Hamilton-Jacobi-Bellman-Equation
If there exists a classical (i.e. a sufficiently differable) solution of the HIB-Equation
sup{vt(t X)+(r+10(b=r)) xy (t,X)+ Y00 X \y t>)} = (

v(T, %) =U(x

that is polynomially bounded then we havét,x) = sup Et’x( X( T)) ,
7]

and an (admissible) portfolio procasgt) (= 1*(t, X)) that yields the solution of the optimizatign
in the HIB-Equation is an optimal portfolio process T

Algorithm for solving the portfolio problem

Step 1: Solve (formally) the optimization problem in tHdB-Equation
= 1*(t, X) (still depending on the unknown (!) value fuontand its derivatives).

Step 2:Insertrt* into the HIB-Equation, drop the sup-operatorysdhe obtained partial
differential equation explicitly.

Step 3: Check all the assumptions made during Steps 1 dwelr important, often forgotten !).



Example: HARA-utility function
Solve the problem

(20) mgrxli(é) EO’X(é(X(T))Vj, y<1, y# 0 fixed.

with the value function

— t,x [ 1 Y
(21) v(t, x)—er'(at%X) E (y( X( T)) )

Corresponding HJIB-Equation

(22) O :Tﬂrpaagn{}én'cc'mzvxx(t, X) +(( r+10'(b- r2)) x) V(t X+ y(t >)}

=1
(23) v(T,x) =3 %
Step 1:“Solve the maximisation problem in the HIB-Equation

V, (t,X)
XV, (t,X)

(24) ™ (t, x) = —-(00") (b-r))

Important:
Note that we have implicitly assumedy,, <0, T*(t,x) O[a 0", vO C%  (¥)



Step 2:“Solve the resulting partial differential equation”

Put i (t, X) into equation (22), drop the sup-operator and obtain:

9 0=-}(b-r1)(00) (b-r1 (jxxfz’tﬂgz o () + (04, V(T=3 R,
f\zr;atz: v(t.X)=2 % 1(1) for some suitable functioh(t).

<:2>6> fi(t) = -(rv+%ryy(b -r1)(00) " (b —r_l))f (t), f(T)=1

e 1 = exp{~(ry+ 1% (b= 1) (00) (b -r 2)(T -1))

@)  w(tx) = (0o) (b-rD



Step 3:“Check the assumptions”
v(t, ) :% x' f(t) according to (27) satisfig¥), * (t, x) satisfieg*) for suitable constantsb
Hence, choose them big enough and arrive at:
The optimal portfolio processis given by
29)  7#(t) = (00")*(b- rl)li “Constant portfolio weigthts”
-y

Note the form of the optimal portfolio process and its dependencg the risk aversion
parameter!

Note also that the optimal wealth process has the form of
(30) X(t)= x@xp(( r+¥%-2(b-r1) (oo )" -1 1) T[202)t+ﬁ(b—l‘_]) (o &) ow(1)

In particular, it is strictly positive !



More recipes for using the HJB-Equation technique;

1) Additional consumption

(31) v(t, X) ::(H’C)El;\p'(t’ . EUO Uy (t,c(t)) dt+ Uy ( X( T))j

with A'(t, x) being the set of admissible strategies on [t,T] with initiahlth ofx at timet.
= Corresponding HJB-Equation

(32) 0= sup {vt(t,x)+((r—n(b— r ) x- c) v t,9+ ¥ moonX g ty+ Y( t, }

c=0,mJa,b"
(33) v(T,x) = U,( X

i) Finite time horizon with discounting

(34) Vv(t,x)= sup Etx[j g sy U(d9) ds (7Y Y( X )')J

(mo)(t)

— ReplacaJ,(t,c) in the HIB-Equation (32) by, (c) —pv(t, ) .



i) Infinite time horizon with discounting

(35) V) = sup EX[IG"S (d9) %

(me)OA(X)
—
HJB-Equation related to this problem (no boundary condition !!!)

@6) 0= sup  {((r+mforY)x—c)u()+ Koo Ry U(§-p { ¥

(re)fa.b">{0s)

More on this: this afternoon ...



